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The hadro-production of jets in proton-proton collisions at the Large Hadron Collider (LHC)
is one of the basic processes which exposes all features of the gauge theory of the strong inter-
actions, quantum chromodynamics (QCD). Within standard QCD factorization the description of
jet hadro-production starts off at Born level as a hard 2→ 2 scattering reaction of partons in the
incident protons and its theory prediction is directly proportional to powers of the strong coupling
constant αs and to the parton luminosity, i.e., the distribution of the fractions of parton momenta
relative to those of the colliding protons. These characteristics make jet hadro-production a very
interesting process for determinations of both, the value of the strong coupling αs as well as the
parton distribution functions (PDFs) from collider data, see for instance Refs. [1, 2].
The single-inclusive jet production cross section, i.e., the observable of interest for us here,
is obtained by summing over all jets that are observed in an event. The corresponding double
differential expression for a jet of cone size R reads
p2Td
2σ
dp2Tdy
= ∑
i1i2
∫ V (1−W )
0
dz
∫ 1− 1−V1−z
VW
1−z
dvx21 fi1(x1)x
2
2 fi2(x2)
d2σˆi1i2
dvdz
(v,z, pT ,R) , (1)
where pT and y denote the transverse momentum and rapidity of the jet. The sums i run over all
partonic channels which contribute through the convolution of the hard partonic cross sections σˆi1i2
with PDFs fi evaluated at the fractions x1 =VW/v/(1− z) and x2 = (1−V )/(1−v)/(1− z) of the
proton momenta, where V = 1− pT e−y/
√
S, VW = pT ey/
√
S and
√
S is the hadronic center-of-
mass energy. The partonic kinematic variables are s = x1x2S, v = u/(u+ t) and z = s4/s, defined
in terms of the standard Mandelstam variables t, u and, respectively, the invariant mass s4 of the
partonic system recoiling against the observed jet, cf. Ref. [3].
The respective higher order perturbative QCD predictions to the partonic cross sections σˆi1i2 in
Eq. (1) are known to next-to-leading order (NLO) since long [4, 5] while those at next-to-next-to-
leading order (NNLO) have been computed recently in the leading-color approximation [6], that is
for large values of Nc for a general SU(Nc) gauge group with additional corrections parametrically
suppressed as 1/N2c . This is supposed to approximate the full NNLO calculation very well.
Higher order corrections to hard processes in QCD are generally expected to display an ap-
parent convergence of the perturbative expansion as well as to show a significant reduction of the
dependence on the scales µR for ultraviolet renormalization and µF for QCD factorization. Both
these features lead to a stabilization of the theoretical predictions. However, comparisons of the
fixed order NNLO results of Ref. [6] for the single-inclusive jet production cross section with some
of the LHC data have not been entirely satisfactory [7, 8]. Moreover, the NNLO corrections do
change significantly depending on the chosen values for the hard scales µR and µF (denoted here
collectively by µ). Choices like µ = pmaxT with the natural hard scale of the transverse momen-
tum pmaxT of the leading jet or, alternatively, scales like µ = pT with the transverse momentum pT
of each individual jet in the event lead to completely different theoretical predictions. The latter
choice µ = pT typically involves much softer scales because kinematical configurations in events
with three or more hard jets or events with hard emissions outside the jet fiducial cuts such as
smaller jet cone radii R generate a hierarchy in the transverse momenta between the leading and
subleading jets in the event, pmaxT = pT,1 pT,2 ≥ pT,3 . . ., cf. Ref. [9].
This infrared sensitivity implies the existence of large higher order corrections beyond fixed
order in perturbation theory and merits a short discussion of their origins. Large logarithms in QCD
1
Threshold and jet radius joint resummation Sven-Olaf Moch
perturbation theory arise systematically from the cancellations of infrared divergences between real
and virtual corrections near some boundary of the phase space. For single-inclusive jet production
this is realized near threshold for large pT , when the event kinematics are almost Born-like and
double logarithms appear in the partonic cross section at n-th order as αns (lnk(z)/z)+ where k ≤
2n− 1 and z is the measure for the distance from partonic threshold, cf. Eq. (1). On the other
hand, the definition of jets via their cone sizes R as an external quantity introduces large single-
logarithmic corrections in the partonic cross section at n-th order as αns lnk(R) with k ≤ n.
Both, threshold and small-R logarithms require an all-order resummation and one expects
competing effects from these two sources. The resummation of threshold logarithms leads to an
enhancement of the cross section for large pT and has been studied in Refs. [10, 11, 12]. On the
contrary, the resummation of small-R logarithms alone leads to a decrease of the cross section in the
entire range of pT [13, 14]. A framework for the joint resummation of both, threshold and jet radius
logarithms simultaneously, has recently been developed in Ref. [3]. To that end the partonic cross
sections σˆi1i2 in Eq. (1) are further factorized within the soft collinear effective theory (SCET) [15]
as
d2σˆi1i2
dvdz
= s
∫
dsX dscdsG δ (zs− sX − sG− sc)Tr [Hi1i2(v, pT ,µh ,µ)SG(sG ,µsG ,µ)]
×JX(sX ,µX ,µ)∑
m
Tr [Jm(pTR ,µJ ,µ)⊗Ω Sc,m(scR ,µsc ,µ)] , (2)
where the specific functions capture the dynamics of individual kinematic regions, i.e., the func-
tion Hi1i2 for the underlying hard 2→ 2 scattering, the global soft function SG for wide angle soft
radiation from partons, which cannot resolve the jet with a small radius R and the soft collinear
(‘coft’) function Sc(scR) for soft radiation near the jet boundary. Likewise, the inclusive jet func-
tion JX(sX) describes the recoiling collimated radiation with invariant mass sX , while the signal-jet
function Jm(pTR) accounts for energetic radiation inside jet. The sum in Eq. (2) runs over all
collinear splittings, the traces are to be taken in color space and ‘⊗’ denotes the associated angular
integrals. The functions, Hi1i2 , SG, JX(sX), Sc(scR) and Jm(pTR) in Eq. (2) are known to NLO at
least, which allows to perform the joint resummation at next-to-leading logarithmic (NLL) accu-
racy, by evolving all functions with their renormalization group equations from their natural scales
µi to a common hard scale µ = µh = pmaxT , see Ref. [3] for details.
The SCET factorization used in Eq. (2) holds in the threshold regime for z→ 0 and for small
jet radii, R 1 and is matched to the fixed order QCD result as follows,
σNLO+NLL = σNLO−σNLOsing +σNLL , (3)
where σNLO (σNLL) denotes the NLO fixed order (NLL resummed) result and σNLOsing subtracts the
logarithmically enhanced contributions at NLO in QCD to avoid double counting.
The first phenomenological studies of the joint jet radius and threshold resummation results
with Eq. (3) and comparisons to LHC data have been carried out in Refs. [3, 16] and have shown
that the large threshold and the small-R logarithms are indeed responsible for the bulk of the ra-
diative corrections in the kinematic range from moderate to large jet-pT . Moreover, the effect
of small-R resummation is dominant, even for larger cone sizes, although less pronounced, while
threshold logarithms are relevant for very large values of jet-pT and large cone sizes. In particular,
2
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data set NLO NNLO NLO + NLL
0.0≤ |y|< 0.5 36/33 55/33 39/33
0.5≤ |y|< 1.0 34/32 37/32 35/32
1.0≤ |y|< 1.5 22/31 32/31 28/31
1.5≤ |y|< 2.0 10/26 26/26 12/26
2.0≤ |y|< 2.5 8/19 25/19 9/19
2.5≤ |y|< 3.0 8/16 15/16 8/16
total χ2/dof 142/157 229/157 154/157
Table 1: The values of χ2/dof for the QCD theory predictions at NLO, NNLO and NLO + NLL accuracy
using the CT14 PDF set at NNLO [18] and the scale choice µR = µF = pmaxT for the single-inclusive jet
production cross sections in various rapidity bins measured by CMS at
√
S= 8 TeV [19].
the use of the resummed prediction σNLO+NLL indicates a clear systematic improvement in the de-
scription at the available data. It is also worth emphasizing, that in a different framework, threshold
resummation for jets including the effects of the jet cone size R has recently been studied in the
parton shower event generator Deductor [17] and the findings agree with ours.
Comparisons of jet data collected at the LHC to theory predictions beyond fixed order NLO
in QCD are not yet widespread in the literature. This is due to the large computational overhead in
the preparation of suitable fast interfaces for such studies, e.g., fastNLO [20]. Here, we continue
these phenomenological studies for single-inclusive jet production data measured by CMS at
√
S=
8 TeV [19] with the anti-kT clustering algorithm [21] for a size parameter of R = 0.7. The high
statistics CMS data for the double-differential inclusive jet cross section in pT and y correspond
to an integrated luminosity of 19.7 inverse femtobarn. We confront these data to the QCD theory
predictions based on Eq. (1) at NLO, NNLO and NLO + NLL, using Eq. (3) in the latter case. The
set-up is as follows. The scales are chosen as µR = µF = pmaxT and in all cases, we employ the
CT14 PDF set at NNLO [18] with the value of αs(MZ) = 0.1180, independent of the perturbative
order.
In Tab. 1 we display the values of χ2/dof (degree of freedom) for the respective theory pre-
dictions for each rapidity bin. The total CMS data set at
√
S = 8 TeV [19] yields χ2/dof=142/157
when compared to the fixed order NLO prediction, χ2/dof=229/157 at NNLO and χ2/dof=154/157
at NLO + NLL. Thus, the fixed order theory description at NNLO with the hard scale µ = pmaxT is
clearly disfavored, an observation in line with the earlier studies of Refs. [7, 8].
In Figs. 1, 2 and 3 we show both, the absolute cross section for each rapidity bin as well as the
separate ratios σData/σTheory for the theory predictions at NLO, NNLO and NLO + NLL. While all
predictions undershoot the data at the largest values of pT , e.g., pT & 1 TeV for central rapidities,
their individual trends for moderate values of pT are completely different and the NNLO results
overshoot the data significantly. The joint resummation results on the other hand show remarkable
agreement. It should be mentioned here, that although the jet cone size of R = 0.7 is already
somewhat larger, the studies of Refs. [3, 16] have shown that there is still significant numerical
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Figure 1: The single-inclusive jet production cross section for pp→ jet+X as a function of the jet pT as
measured by CMS at
√
S = 8 TeV [19] for a size parameter of R = 0.7 in the rapidity bins 0.0 ≤ |y| < 0.5
and 0.5 ≤ |y| < 1.0 compared to the QCD theory predictions at NLO (blue), NNLO (green) and NLO +
NLL (red) accuracy using the CT14 PDF set at NNLO [18] and the scale choice µR = µF = pmaxT . The left
panel shows the absolute cross section, the right panel the ratio σData/σTheory.
impact due to the small-R resummation.
While the Figs. 1, 2 and 3 are based on CT14 PDF set at NNLO [18] the findings concerning
the improved quality of the joint resummation result in the description of the data do not signif-
icantly depend on the PDF choice, as discussed in Refs. [16, 22]. In particular, these aspects are
investigated in detail in a full QCD fit [22], in which both, the PDFs and αs are determined simul-
taneously using single-inclusive jet data by CMS at
√
S = 8 and 13 TeV. The conclusion is made,
that the deficits of the fixed order NNLO predictions to describe the observed cross sections cannot
be mitigated by changes in the PDFs or the strong coupling.
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Figure 2: Same as Fig. 1 for the rapidity bins 1.0≤ |y|< 1.5 and 1.5≤ |y|< 2.0.
In summary, we note that the NLO + NLL calculations greatly improve the theoretical predic-
tions. However, they do exhibit associated scale uncertainties (not displayed in Figs. 1, 2 and 3),
which are still large [3, 16] and require improving the joint threshold and small-R joint resumma-
tion to next-to-next-to-leading logarithmic (NNLL) accuracy. This can be achieved by computing
the individual functions in SCET factorization in Eq. (2) to NNLO so that the susequent evolution
with the renormalization group equations then resums all logarithms to NNLL. This will be subject
of future work.
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Figure 3: Same as Fig. 1 for the rapidity bins 2.0≤ |y|< 2.5 and 2.5≤ |y|< 3.0.
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